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Spinor fields on 5-dimensional Lorentzian manifolds are classified, according to the geo-
metric Fierz identities that involve their bilinear covariants. Based upon this classification
that generalises the celebrated 4-dimensional Lounesto classification of spinor fields, new
non-trivial classes of 5-dimensional spinor fields are, hence, found, with important potential
applications regarding bulk fermions and their subsequent localisation on brane-worlds. In
addition, quaternionic bilinear covariants are used to derive the quaternionic spin density,
through the truncated exterior bundle. In order to accomplish a realisation of these new
spinors, a Killing vector field is constructed on the horizon of 5-dimensional Kerr black
holes. This Killing vector field is shown to reach the time-like Killing vector field at the
spatial infinity, through a current 1-form density, constructed with the derived new spinor
fields. The current density is, moreover, expressed as the fu¨nfbein components, assuming a
condensed form.
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2I. INTRODUCTION
Brane-world models represent an attempt to settle a variety of open questions in physics. These
models must present a consistent effective 4-dimensional (4D) physics describing our Universe, for
appropriate limits [1]. Among fields that should be localised on the brane, fermionic fields play a
very important role to represent matter of the Standard Model [2], whose zero modes, at least,
are localised [3–5]. Several alternative scenarios have been further studied to localise fermions on
3-branes generated by different models [6–11]. The limitation regarding these models, despite of
their laudable efforts to localise fermions, consists of the assumption, almost on their totality, of
the 5-dimensional (5D) Dirac spinors paradigm. Fermionic matter, in a 5D thick brane setup, is
strictly based upon solving the Dirac equation in the bulk [12]. The sole exception consist of the
well-know mass dimension one eigenspinors of the charge conjugation operator with dual helicity
[13–15], realised by the singular flagpole Elko spinors setup, on thick branes [16, 17]. Since Dirac
spinor fields represent a tiny class of regular spinors in the Lounesto spinor field classification, our
main aim here is to show that in a 5D bulk there are, similarly, new spinors classes, that can be
further explored in physical theories, as well as their formal aspects.
The Lounesto spinor field classification in 4D Minkowski spacetime [18], according to spinor
bilinear covariants, provides classes of regular and singular spinors. In fact, recently all spinor
fields have been thoroughly discriminated and scrutinised in successful classifications that are
complementary to the Lounesto one [19, 20], with many applications in field theory and gravitation
[13–15, 21]. The pivotal goal, that underlies the well-established Lounesto classification – and
further the more generalised classifications [19, 20], is to find the underlying spinors dynamics
in all classes, since just few spinors in the Lounesto classification have an identified dynamics
associated to [14]. In fact, besides the well-known Dirac, Weyl, and Majorana equations, recently
flag-dipoles singular spinors – that are type-4 spinors in Lounesto classification – have been shown
to be solutions of the Dirac equation with torsion, in an f(R)-gravity background, representing
Einstein-Sciama-Kibble (ESK) models of gravity. Hence, singular flag-dipole spinor fields were
used as a source of matter [20, 21]. Moreover, flag-dipoles and flagpoles have been identified with
singular solutions of the Dirac equation, in a special Kerr background solution [22, 23]. Moreover,
flagpoles singular spinors comprise realisations of mass dimension one (Elko) spinors, that are
prime candidate for solving the dark matter problem [13–15], whose Lagrangian has been very
3recently described [24]. Out of the Dirac spinors paradigm, singular spinors have a plethora of new
applications – ranging from dark spinors Hawking radiation across black strings and black holes,
dark matter, cosmology, gravity on 5D thick branes, particle physics and condensed matter [13–17].
On the other hand, Fierz identities are constraints on bilinear covariants, making it possible to
classify spinors fields on manifolds of arbitrary dimensions and signatures. Recently, a classification
of spinor fields on Lorentzian [25] and Riemannian 7-manifolds has been constructed, emulating
and generalising the Lounesto classification, that solely holds in Minkowski spacetime [25, 26].
These unprecedented classifications provide new classes of spinors and potentially new solutions
in supergravity (SUGRA), regarding, in particular, its compactification that results 7-manifolds.
Since the Fierz identities can be used to provide quite few realisations [27], we shall discuss here the
last mod 8 possibility, by studying the occurrence of new spinor fields on Lorentzian 5D manifolds.
In fact, since it plays a prominent role on brane-world models and fermions localisation [3–5], new
fermions in a bulk are here proposed. In particular, C, P, and T symmetries in the bulk have been
used to localise fermions on the brane [28].
Motivated by the vast important applications of the new spinors in Lounesto classification in
the last decade, out of the Dirac spinors paradigm, we shall derive in this paper new spinors
in a 5D bulk. The Clifford-algebraic spinor structure, in the geometric Fierz identities, sharply
controls the existence of new classes of spinors in arbitrary dimension and metric signature [27]. In
fact, although 7D Riemannian spacetimes classically only admit Majorana spinors [27, 30], we have
found two new non-trivial classes of hidden spinors, in the context of the AdS4×S
7 compatification
of SUGRA [25, 26], based on the spinor bilinear covariants. One of the authors also proved that
such new 7D spinors can, still, be identified to Killing spinors on 7D Kerr black hole horizons [25].
Hence we aim to classify spinor fields on Lorentzian 5-manifolds, that in particular realise the space
AdS5 as the bulk of brane-world models. From an existing class of spinors in those spaces, we can
obtain more six spinor classes, whose representatives are new classes of spinors in the bulk.
This paper is organised as follows: in Sect. II, the bilinear covariants are the stage to revisit
the classification of spinor fields in Minkowski spacetime, according to the Lounesto classification
prescription, and the Fierz aggregate and its related boomerang are defined. In Sect. III, the
geometric Fierz identities are employed and, from the admissible pairings between spinor fields, the
number of classes in the spinor field classification is constrained, by the geometric Fierz identities
[27]. We study the case of spinor fields on Lorentzian 5-manifolds and conclude that 5D spinors
4pertain to solely one class, through a similar approach to the one previously acquired in 7D [25–
27]. Spinor fields on 5-manifolds can be then classified in eight classes, from the classification of
quaternionic spinor fields. One of the new classes encompasses the standard 5D spinor fields, and
six others non-trivial classes provide new candidates for physical solutions, for instance, in thick
brane models and gravity on AdS5. Finally, in Sect. IV, in the context of 5D Kerr black holes, the
current density connects the null Killing vector at the horizon to the time Killing vector, at spatial
infinity. In Sect. V we present our concluding remarks, discussion, and perspectives.
II. BILINEAR COVARIANTS IN MINKOWSKI SPACETIME
In order to fix the notation, let (M,g) be an oriented spin manifold, equipped with a metric g of
signature p− q. On the exterior bundle Ω(M) = ⊕∞i=0Ωi(M) associated to the manifold, standard
endomorphisms are defined, for an arbitrary homogeneous k-form a ∈ Ωk(M): a) the reversion,
a˜ = (−1)[[k/2]]a, where [[k]] is the integer part of k; b) the grade involution, aˆ = (−1)ka; and c)
the exterior algebra conjugation, defined by the composition of the previous morphisms, namely,
a¯ ≡ ˜ˆa. These anti-automorphisms and automorphism can be forthwith extended, by linearity, to
the whole exterior bundle. Spinor fields and their bilinear covariants are fundamentally constructed
in the Clifford bundle framework. Firstly, Ω(M) must be endowed with the Clifford product u◦a =
u ∧ a+ uya, for all form fields u ∈ Ω1(M) in the cotangent bundle, where y is the left contraction
g(ayb, c) := g(b, a˜ ∧ c), where g here also denotes the extension of the metric on the bundle Ω(M),
and b, c ∈ Ω(M) are arbitrary form fields. The Hodge operator ⋆ : Ω(M) → Ω(M) shall be used
throughout the paper, defined by (⋆a) ∧ b = g(a, b) [30].
The spinor bundle in four Lorentzian dimensions can be represented by the vector bundle
PSpine1,3(M) ×σ C
4. Classical spinor fields ψ ∈ secPSpine1,3(M) ×σ C
4 carry the
(
1
2 , 0
)
⊕
(
0, 12
)
ir-
reducible representation σ of the usual Lorentz group. The bilinear covariants are sections of the
5exterior bundle Ω(M), whose basis is given by {θα} [18] (hereupon α, β = 0, 1, 2, 3):
σ = ψ¯ψ ∈ secΩ0(M) , (1a)
J = Jαθ
α = ψ¯γαψ θ
α ∈ secΩ1(M) , (1b)
S = Sαβθ
α ∧ θβ = 12 iψ¯γαβψ θ
α ∧ θβ ∈ secΩ2(M) , (1c)
K = Kαθ
α = iψ¯γ5γαψ θ
α ∈ secΩ3(M) , (1d)
ω = −ψ¯γ5ψ ∈ secΩ
4(M) , (1e)
where γ5 := iγ0γ1γ2γ3 denotes the Minkowski spacetime volume element, and the spinor conjuga-
tion reads ψ¯ = ψ†γ0 [30]. Physical observables, exclusively for the Dirac electron theory, are realised
by bilinear covariants. The gamma matrices satisfy the Clifford relation γαγβ+γβγα = 2gαβ1, where
gαβ denotes the Minkowski spacetime metric components. In fact, the current density J, the spin
density S, and the chiral current K satisfy the Fierz identities [18]
−(ω + σγ5)S = J ∧K, KyK+ JyJ = 0 = JxK, J yJ = ω
2 + σ2 . (2)
A spinor field is said to be singular if ω = 0 = σ, and regular, otherwise. Singular spinors encompass
flag-dipole, flagpole and dipole spinors. The Dirac spinor is a type of regular spinor. Besides, in
particular, Elko and Majorana spinor fields are particular realisations of flagpole spinors, and Weyl
spinors realise dipole spinors, however there are more flagpole, flag-dipole, and dipole spinor fields
than those realisations. Majorana spinors (with canonical mass dimension 3/2) and Elko spinors
(with mass dimension 1) are both type-5 spinor fields, in Lounesto classification of the spinor fields.
A bottom-up approach, to find the lacking dynamics of the hidden spinors in Lounesto classes, has
been to look for certain examples, like the flag-dipoles in ESK models of gravity [21] that are
solutions of the Dirac equation in f(R)-torsional background. However, it is neither effective nor
a systematic approach. Celebrated procedures in Refs. [19, 20] consist of laudable efforts to point
out a direction to derive the dynamics that rule each subclass of all spinor classes, in Lounesto
spinor fields classification.
Lounesto derived, from the bilinear covariants, a classification of spinor fields [18]. The condition
J 6= 0 is satisfied in all cases, since J represents the current density, in particular, for Dirac spinors
61:
Regular spinors :


1) ω 6= 0, σ 6= 0, K 6= 0, S 6= 0
2) ω = 0, σ 6= 0, K 6= 0, S 6= 0
3) ω 6= 0, σ = 0, K 6= 0 S 6= 0
(3)
Singular spinors : ω = σ = 0 and


4) K 6= 0, S 6= 0 (flag-dipole spinors)
5) K = 0, S 6= 0 (flagpole spinors)
6) K 6= 0, S = 0 (dipole spinors)
(4)
These spinors in 4D Minkowski space make us ready to classify, in the next section, spinor fields
on Lorentzian 5-manifolds, following a similar process that was used to classify spinor fields on
Euclidean [26] and Lorentzian [25] 7-manifolds. Moreover, from this classification new classes of
spinors in a 5D bulk shall be constructed.
The Fierz identities (2) does not hold for singular spinors. In fact, since singular spinors present
σ = 0 = ω, the so-called Fierz aggregate reads
Z = γ5(ω +K) + iS+ J+ σ , (5)
and the Fierz identities are, hence, replaced by the equations
ZγµZ = 4JµZ, Z
2 = 4σZ, −iZ ⋆ Z˜ = −4ωZ ZiγµνZ = 4SµνZ, Zi ⋆ (˜γµZ) = 4KµZ. (6)
Clearly these expressions are led to the standard Fierz equations (2), when ψ is a regular spinor.
The spinor representations
(
1
2 , 0
)
and (0, 12 ) of the Lorentz group regard left and right-handed
Weyl spinors, respectively. Observe that
(
0, 12
)
⊕
(
1
2 , 0
)
represents transformations on Dirac spinors.
The geometric underlying content of the Fierz aggregate can be encompassed by physical consid-
erations, when the connected to the identity component of the spin group Spine(1,3)≃ SL+(2,C)
is taken into account. The irreducible representation of the Lorentz group can be split into the
homogeneous parts of the aggregate [34].
[(
0, 12
)
⊕
(
1
2 , 0
)]
⊗
[(
0, 12
)
⊕
(
1
2 , 0
)]
= (0, 0)︸ ︷︷ ︸⊕
(
1
2
,
1
2
)
︸ ︷︷ ︸
⊕ (1, 0) ⊕ (0, 1)︸ ︷︷ ︸⊕
(
1
2
,
1
2
)
︸ ︷︷ ︸
⊕ (0, 0)︸ ︷︷ ︸
σ J S K ω
(7)
1 Nevertheless, this condition can be disregarded for three extra classes recently found, consisting of mass dimension
one spinors in Minkowski spacetime [33], that are conjectured to be ghost spinors.
7It is worth to mention that the spin density admits left and right splitting of the representation,
as shown in Eq. (7). In addition, the spinor representations are obtained from the fundamental
spinor representations
(
1
2 , 0
)
and (0, 12). For example, (
1
2 ,
1
2) represents the set of boosts and ro-
tations on the current density J, that can be represented by ψ∗Rσ
µψR and ψ
∗
Lσ¯
µψL, for left (ψL)
and right (ψR) spinors. The (1, 0) ⊕ (0, 1) representation is related to anti-symmetric irreducible
representations of the Lorentz group.
III. NEW CLASSES OF SPINOR FIELDS IN LORENTZIAN 5-DIMENSIONAL SPACE
The Ka¨hler-Atiyah bundle (Ω(M), ◦) on the manifold (M,g) is employed to construct the spin
bundle S, where the module structure requires a morphism γ : (Ω(M), ◦) → (End(S), ¯ ) [27].
The bundle S can be split into sub-bundles, S0 and S1, that have ±1 eigenvalues, respectively
[27, 30]. Local endomorphisms Ji denote quaternionic structures, (i = 1, 2, 3), on the bundle S,
that commute with arbitrary exterior bundle elements, and satisfy the relations2 [27]
Ji ¯ Jj = −δij idS + ǫ
k
ij Jj ,
where ǫijk stands for the Levi-Civita symbol. The representation of γ is a graded involution γ(ν) =
±idS , where ν denotes the volume element on a 5-manifold [27]. Those complex structures Ji
provide the existence and the admissibility of non-degenerate spinor bilinear forms [27, 29]:
Bµ = B0 ¯ (idS ⊗ Jµ) , (8)
where J0 = idS and B0 = B is the bilinear form that endows the 5D spin bundle. A bilinear form
B is called admissible if a) B it is either symmetric or skew-symmetric; b) B induces an extended
reversion as an anti-automorphism of the Ka¨hler-Atiyah algebra [27, 29, 30]. An additional item,
in the definition of admissibility, holds for the metric signature p − q = 0, 4, 6, 7 mod 8: in these
signatures, the spin bundle can be split into chiral real sub-bundles, namely, S = S+⊕S−, wherein
S± are either B-isotropic or B-orthogonal with respect to each other, likewise [27, 29, 30]. However,
these signatures are not going to be employed here.
Hence, a 5D analogue of Lounesto spinor fields classes provides, indeed, a different spinor fields
classification. In fact, there exists, at least, two choices in Eq. (8), which are equivalent under the
2 The Einstein summation convention shall be used in the indexes {i, j, k} = {1, 2, 3}, hereupon.
8Hodge duality [27]. We are concerned with a classification for quaternionic spinor fields, according
to bilinear covariants on Lorentzian 5-manifolds.
Let Aψ·ψ′ be an endomorphism on S, defined by Aψ·ψ′(ψ
′′) := B(ψ′′, ψ′)ψ. Then, in a general
way, the geometric Fierz identities read [27] Aψ1·ψ2 ◦ Aψ3·ψ4 = B(ψ3, ψ2)Aψ1·ψ4 , with an unique
decomposition Aψ·ψ′ = Jµ ¯ A
(µ)
ψ·ψ′ [27]. In the bulk, the components are expressed in terms of the
bilinear covariants, up to a sign, as
A
(0)
ψ·ψ′ =
1
8
B(γIψ,ψ
′)θI , (9)
A
(i)
ψ·ψ′ =
1
8
B((γI ¯ Ji)ψ,ψ
′)θI , (10)
where hereon I ∈ {∅,µ,µν,µνρ,µνρσ,µνρστ} is a composed index for a Lorentzian 5-dimensional man-
ifold, for Γ∅ = 1. Moreover, the notation γσ1...σj = γσ1 . . . γσj and θ
σ1...σj = θσ1 ∧ · · · ∧ θσj is
adopted. Hence, spinor fields constraints are evinced by the geometric Fierz identities [27]
gµν
(
A
(µ)
ψ1·ψ2
◦ A
(ν)
ψ3·ψ4
)
= B(ψ2, ψ3)A
(0)
ψ1·ψ4
(11)
ǫijkA
(j)
ψ1·ψ2
◦A
(k)
ψ3·ψ4
+A
((0)
ψ1·ψ2
◦ A
(i))
ψ3·ψ4
= B(ψ2, ψ3)A
(i)
ψ1·ψ4
(12)
For the case of a 5D bulk, the admissibility of the bilinear B holds, if B satisfies [27]
B(ψ, γσ1...σjψ) = B(γσ1...σjψ,ψ) = (−1)
k(k−1)
2 B(ψ, γσ1...σjψ) (13)
Therefore, bilinear covariants are constrained by the expressions ϕj :=
∣∣A(0),jψ·ψ ∣∣, namely
ϕj =
1
j!
B(ψ, γσ1...σjψ) θ
σ1 ∧ · · · ∧ θσj , (14)
and ϕj is equal to zero, unless if k(k − 1) ≡ 0 mod 4. It means that ϕj equals zero, unless
k = 0, 1, 4, 5.
Three further bilinear mappings are constructed from the quaternionic structures Ji, through
the commutativity [Ji, γj ] = 0, and the identity J
⊺
i = −Ji,
B(ψ, Ji ¯ γIψ) = B(γI ¯ Jiψ,ψ) (15)
B(γI ¯ Jiψ,ψ) = (−1)
l(l−1)
2
+1B(ψ, Ji ¯ γIψ), (16)
where l = |I|. It implies that an additional quaternionic bilinear covariant, φil , emulates the previous
ones, being defined by
φil =
1
l!
B(ψ, J i ¯ γσ1...σlψ) θ
σ1 ∧ · · · ∧ θσl , (17)
9vanishes, unless l(l−1)+2 ≡ 0 mod 4, namely, unless l = 2, 3. Hence, more six non-trivial bilinear
covariants, φi2 and φ
i
3, are acquired, accordingly. In addition, the Hodge dual operator provides the
following dualities:
ϕ5 = ⋆ϕ0, ϕ4 = ⋆ϕ1, φ
i
3 = − ⋆ φ
i
2.
Moreover, the following inhomogeneous forms [27]
Ω0 =
1
16
(ϕ5 + ϕ4 + ϕ1 + ϕ0), Ωi =
1
16
(φi2 + φ
i
3) (18)
can be used together with the Hodge duality, yielding the generators Ωj to be reduced to Ω0 =
212 (1 + ⋆)(Ω˚0) and Ωi = 2
1
2(1 + ⋆)(Ω˚i), where Ω˚0 =
1
16(ϕ1 + ϕ0) and Ω˚i =
1
16φ
i
2 are the truncated
generators of the truncated algebra (Ω˚(M), •) [27], which is defined from the algebra (Ω(M), ◦) by
the homomorphism 12 (1 + ⋆)(ϕ • ψ) =
1
2(1 + ⋆)(ϕ) ◦
1
2 (1 + ⋆)(ψ). The Fierz identities assume the
form [27]:
ϕ1 • ϕ1 − δijφ
i
2 • φ
j
2 = 7ϕ
2
0 + 6ϕ0ϕ1, (19a)
ϕ1 • φ
i
2 + φ
i
2 • ϕ0 + ǫ
i
jkφ
j
2 • φ
k
2 = 6ϕ0φ
i
2. (19b)
Those expressions can present an intuitive framework, by introducing the product ∆j : Ω(M) ×
Ω(M)→ Ω(M) [27]:
(j + 1)ζ ∆j+1 τ = g
ab(γayζ )∆j (γbyτ ) , ζ , τ ∈ Ω(M) , (20)
where gab denotes the 5D metric tensor coefficients. By denoting ∆0 the exterior product, the next
terms of this iteration read
ζ ∆1 τ = g
ab(γaxζ ) ∧ (γbxτ ) , ζ ∆2 τ =
1
2
gabgcd[(γa ∧ γc)xζ ] ∧ [(γb ∧ γd)xτ )] . (21)
Hence it yields [27]:
δij
(
φi2 • φ
j
2 − ⋆(φ
i
2 ∧ φ
j
2) + (φ
i
2)
∗φj2
)
= 0, (22)
ϕ1 • φ
i
2 + φ
i
2 • ϕ1 = 2 ⋆ (ϕ1 ∧ φ
i
2), (23)
ǫijk
[
φj2 • φ
k
2 −
(
⋆(φj2 ∧ φ
k
2 − φ
j
2 ∆1 φ
k
2 − φ
j
2 ∆2 φ
k
2
) ]
= 0. (24)
10
The expression ϕ1yφ
i
2 = 0 yields ⋆(ϕ1 ∧ φ
i
2) = a φ
i
2, implying that eqs. (19a, 19b) read:
ϕ∗1ϕ1 + δijφ
i
2φ
j
2 = 7ϕ
2
0, (25)
δij ⋆ (φ
i
2 ∧ φ
j
2) = −6ϕ0ϕ1 (26)
2 ⋆ (ϕ1 ∧ φ
i
2)− ǫ
i
jk(φ
j
2∆1 φ
k
2) = 6ϕ0φ
i
2, (27)
ǫijk ⋆ (φ
j
2 ∧ φ
k
2) = 0 . (28)
Some constraints to the forms ϕ1 and φ
i
2 are obtained from the expression δijϕ1 • φ
i
2 • φ
j
2. By
substituting Eq. (26) into Eq. (22), it yields
δij(ϕ1 • φ
i
2) • φ
j
2 = a δijφ
i
2 • φ
j
2 = −6a ϕ0ϕ1 − a δijφ
i
2φ
j
2. (29)
On the other hand, Eq. (26) implies that
δijϕ1 • (φ
i
2 • φ
j
2) = −δijφ
i
2φ
j
2ϕ1 − 6 ϕ0(ϕ1 • ϕ1). (30)
Comparing Eq. (29) with Eq. (30) yields 6aϕ0 = δijφ
∗i
2 φ
j
2 = 6 ϕ0||ϕ1||
2/a. Subsequently, it yields
−7ϕ20 + 6aϕ0 + a
2 = 0, with solutions a = ϕ0 and a = −7ϕ0. The last one is not compatible [27],
being only the solution a = ϕ0 useful. Finally, the Fierz identities (19a,19b) yield the following
system of constraints to the forms ϕ1 and φ
i
2 [27]:
||ϕ1||
2 =
1
36
δijφ
i
2 ◦ φ
j
2 = ϕ
2
0, −2ϕ1y
(
1
2
(1 + ⋆)φi2
)
= 4ϕ0φ
i
2 = ǫ
i
jkφ
j
2 • φ
k
2 , (31)
δijφ
i
2 ∧ φ
j
2 = −6ϕ0 ⋆ ϕ1 . (32)
By normalising the spinor ψ, such that ϕ0 = B(ψ,ψ) = 1, the classification of spinors on 5D
Lorentzian manifolds is then derived. More specifically, there exists only a single class of quater-
nionic spinor in the 5D Lorentzian Clifford bundle, reading:
ϕ0 6= 0, ϕ1 6= 0, ϕ2 = 0, ϕ3 = 0, ϕ4 6= 0, ϕ5 6= 0, (33)
φ0 = 0, φ1 = 0, φ2 6= 0, φ3 6= 0, φ4 = 0, φ5 = 0, (34)
where φn 6= 0 indicates that φ
k
n 6= 0, for at least one value of k; and ϕi, φ
k
i ∈ Ω
i(M). By the Hodge
duality ϕn = ⋆ϕ5−n, only half of bilinears is necessary,
ϕ0 6= 0, ϕ1 6= 0, ϕ2 = 0, φ
k
0 = 0, φ
k
1 = 0 and φ
k
2 6= 0 (35)
11
holding for at last one value of k. Complexification increases the number of spinor classes [26]. The
components of the bilinears, for the quaternionic case, read [27]:
B(ψ, γσ1...σ2jψ) =
1
2
[
B
(
J1ψ, γσ1...σ2j ¯ J1ψ
)
−B
(
ψ, γσ1...σ2jψ
)]
, (36a)
B(ψ, γσ1...σ2j+1ψ) =
1
2
[
B
(
ψ, γσ1...σ2j+1 ¯ J2ψ
)
−B
(
J1ψ, γσ1...σ2j+1 ¯ J3ψ
)]
, (36b)
B(ψ, Jk ¯ γσ1...σ2jψ) =
1
2
[
B
(
Jiψ, γσ1...σ2j ¯ Jiψ
)
−B
(
ψ, γσ1...σ2jψ
)]
, (36c)
B(ψ, Jk ¯ γσ1...σ2j+1ψ) =
1
2
[
B
(
Jiψ, γσ1...σ2j+1 ¯ Jkψ
)
−B
(
ψ, γσ1...σ2j+1 ¯ Jlψ
)]
. (36d)
The higher degree generalisation of B is provided, according to [27], by:
βj(ψ, γσ1 ...σjψ
′) = B
(
ψ, γσ1...σj ¯ J1ψ
′
)
− iB
(
ψ, γσ1...σj ¯ J3ψ
′
)
. (37)
The bilinear covariants can be extended, by identifying
ϕj :=
1
j!
βj(ψ, γσ1...σjψ)θ
σ1 ∧ · · · ∧ θσj (38)
φil :=
1
l!
βl
(
ψ, J i ¯ γσ1...σlψ
)
θσ1 ∧ · · · ∧ θσl . (39)
Hence, eight classes of spinor fields ψ ∈ S are found, however one class regards the trivial spinor.
Concerning the classification of spinor fields on Lorentzian 5-manifolds, the above derived con-
straints are used to evince the Lorentzian 5D classification:
ϕ0 6= 0, ϕ1 6= 0, φ
k
2 6= 0, (40a)
ϕ0 6= 0, ϕ1 6= 0, φ
k
2 = 0, (40b)
ϕ0 6= 0, ϕ1 = 0, φ
k
2 6= 0, (40c)
ϕ0 6= 0, ϕ1 = 0, φ
k
2 = 0, (40d)
ϕ0 = 0, ϕ1 6= 0, φ
k
2 6= 0, (40e)
ϕ0 = 0, ϕ1 6= 0, φ
k
2 = 0, (40f)
ϕ0 = 0, ϕ1 = 0, φ
k
2 6= 0, (40g)
ϕ0 = 0, ϕ1 = 0, φ
k
2 = 0. (40h)
It is implicit in (40a-40h) that {ϕl,φl} = {0}, for l = 1, 2, 3, 5.
In the next section, an application of these new spinor fields shall be derived. The current
density, that is the vector bilinear covariant, is written in terms of components of spinors and can
be identified as a Killing spinor field on a black hole horizon.
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IV. SPINORS ON (1,4)-DIMENSIONAL KERR SPACETIME
Regarding Kerr black holes, the null Killing vector on the event horizon reaches the time Killing
vector at the spatial infinity through a specific vector field ξµ [23]. For this reason, it is supposed the
existence of a 1-form current density that is preserved, i.e., the spinor ψ satisfies the Dirac equation,
however it is not necessary ψ to be a Dirac fermion [23]. In this section, we find a expression to the
time Killing vector in terms of the spinor components in its fu¨nfbein basis eA = eAµdx
µ for a 5D
spacetime. The covector field ξµ is constructed from the current density Jµ for the spinor field ψ
ξµ = bψJ
µ
ψ = bψψ¯γ
µψ, γµ = eA
µγA, (41)
where bψ is a constant and γ
A denotes the (1, 4)-dimensional gamma matrices in the fu¨nfbein basis,
represented as [23]
γ0 = σ1 ⊗ 12, γ
k = iσ2 ⊗ σk, γ4 = iσ3 ⊗ 12. (42)
If the spinor field ψ satisfies (γ0 ± γ6)ψ = 0, where γ6 := −γ1γ2γ3γ4γ0, then the fu¨nfbein basis
yields ψ = (α,α)⊺, where α = (α1, α2)
⊺ and α1, α2 are scalars [23]. The most general metric for a
5D axisymmetric , stationary, black hole assumes the following form [23]
ds2=−ht(dt+h1dφ1+h2dφ2)
2+hrdr
2+hθdθ
2+g22d
2
ω2,φ2+g11 (dω1,φ1+g12dω2,φ2)
2 , (43)
where dωa,φa := ωadt− dφa (a = 1, 2), and the metric coefficients only depend on r and θ; as usual
one denotes the time coordinate by t, and the radius r, the latitudinal angle θ, and the azimuthal
angles φ1 and φ2. In this context, ω1 [ω2] is the angular velocity in the direction φ1 [φ2]. The
metric, in terms of fu¨nfbein, reads [23] ds2 = ηABe
AeB , for A,B = 0, . . . , 4, where the fu¨nfbein
eA = eAµdx
µ is given by
e0 = h
1/2
t (dt+ h1dφ1 + h2dφ2), e
1 = h1/2r dr, e
2 = h
1/2
θ dθ, (44)
e3 = g
1/2
11 [dω1,φ1 − g12dω2,φ2 ] , e
4 = −g
1/2
22 dω2,φ2 . (45)
Explicitly,
[eAµ] =


h
1/2
t 0 0 h
1/2
t h1 h
1/2
t h2
0 h
1/2
r 0 0 0
0 0 h
1/2
θ 0 0
−g
1/2
11 (ω1 + g12ω2) 0 0 g
1/2
11 g
1/2
11 g12
−g
1/2
22 ω2 0 0 0 g
1/2
22


. (46)
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Its inverse matrix [eAµ]
−1 is used to get the components of the required vector field ξµ. By denoting
the column matrix [ψ¯eAψ], then
ξµ = [(e−1)
µ
A][ψ¯θ
Aψ] = (1, 0, 0, ω1, ω2)
⊺ = ∂t + ω1∂φ1 + ω2∂φ2 . (47)
Finally, the current density vector field can also be expressed in the fu¨nfbein components, reading
Jµ∂µ = (ψ¯γ
µψ)∂µ = 2(|α1|
2 + |α2|
2)∂t, (48)
where the gamma matrices are in the representation (42). We can compare this result to a similar
one in Ref. [25], where the current density acquires a similar expression on Lorentzian 7-manifolds.
Regarding this classification of spinor fields on Lorentzian 5-manifolds, there exists only one
non-zero bilinear covariant with quaternionic structure, namely φk2 in Eq.(17), that reads
φk2 =
i
2
(
gjµg
k
ν − g
k
µgνj
)
ψ¯(σj ⊗ 12)ψ θ
µ ∧ θν , (49)
with respect to the fu¨nfbein and the realisation Ji = iσi ⊗ 12 of the complex structure, where σi
are the Pauli matrices, that results ψ = (α,α)⊺. It implies that the bilinear covariants φ2 are
φ12 = −12 ⊗
[(
α†1α2 + α
†
2α1
)
γ01 + i
(
α†2α1 − α
†
1α2
)
γ02 +
(
|α1|
2 − |α2|
2
)
γ03
]
(50a)
φ22 = −i12 ⊗
[(
α†1α2 + α
†
2α1
)
γ01 + i
(
α†2α1 − α
†
1α2
)
γ02 +
(
|α1|
2 − |α2|
2
)
γ03
]
= iφ12 (50b)
φ32 = −i12 ⊗
[(
α†1α2 + α
†
2α1
)
γ23 + i
(
α†2α1 − α
†
1α2
)
γ31 +
(
|α1|
2 − |α2|
2
)
γ12
]
= i(⋆φ12). (50c)
Therefore, φ12, φ
2
2 and φ
3
2 are equivalent.
These new spinors are coefficients of quantum fields that may play an important role to explore
fermion localisation on brane-world models. In fact, except for two exceptions, all the literature
regards bulk spinors, generally in an AdS5, or asymptotically AdS5, bulk. Bulk spinors are then
governed by the Dirac equations and here we studied a departure out of this paradigm. To explore
localisation issues is beyond the scope of this paper, and shall be more discussed in the forthcoming
section.
V. CONCLUDING REMARKS AND OUTLOOK
A more profound comprehension about spinor fields on Lorentzian 5-manifolds is potentially
useful in brane-world models, through a classification of 5D
14
and some classes of spinor fields are obtained, whose respective bilinear covariants current density
1-form ϕ1 and the dual spin density 2-form with a quaternionic structure φ
i
2 are computed, with
respect a fu¨nfbein basis. The current density field is shown to be a null Killing vector at Kerr black
hole horizon that reaches the spatial infinity as a time Killing vector.
The classification of spinors according to bilinear covariants on Minkowski spacetime, that is
revised in Sect. II, has opened a very useful way to discover unexpected new physical features and
to propose new candidates for fermionic fields in Minkowski spacetime. In Sect. III, we constructed
bilinear covariants for spinors that are constructed on Lorentzian 5-manifolds. We exhibited a clas-
sification to that fields, following the same criteria already established on Minkowski 4D spacetime
[18], on Euclidean 7-manifolds [26], and on Lorentzian 7-manifolds [25]. From that classification,
we obtained six new other non-trivial classes, that can be models for new fermionic fields on 5-
manifolds. Finally, null Killing 1-forms on 5D Kerr spacetimes were analysed, and compared with
previous incipient results in Ref. [23]. The Killing vector is shown to be proportional to the current
density. We write the current density 1-form ϕ1 and a kind of spin 2-form with a quaternionic
structure φi2 in terms of components in the fu¨nfbein basis. It is interesting to note also that their
components exhaust all possible invariants that can be constructed with the studied spinor fields.
Symmetry operators of the Dirac equation in curved backgrounds can be constructed from
Killing-Yano forms, that are generalisations of Killing vector fields, which play an important role
in SUGRA. Hence, finding the solutions of the Killing spinor equation gives way to determine
the supergravity Killing spinors in relevant supergravity backgrounds [31, 32]. One way to find
the solutions of Killing spinor equation is constructing the symmetry operators – solutions of the
Dirac equation. Hence, regarding a spinor field in, for example, AdS space, and the corresponding
Dirac action in bulk, we can study solutions that dock new solutions of dynamical equations, that
describe new spinors. A more complete analysis of fields in SUGRA AdS5×S
5 is possible, if spinor
fields are classified also on Riemannian 5-manifolds. A further question that arises from our work
concerns the nature of the bilinear φi2, since it emulates the (quaternionic) pseudospin of particles
described by the spinors. A final answer can not be comprised upon the study of the respective
equations of motion, that is beyond our scope here.
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